








Problem 2, HW 18
MATH 34B

TA: Jerry Luo
jerryluo8@math.ucsb.edu

Website: math.ucsb.edu/∼jerryluo8
Office Hours: Wednesdays 2-3PM South Hall 6431X

Math Lab hours: Wednesday 3-5PM, South Hall 1607

Problem statement: Let y′ = ky(1 − y
10

), y′(0) = 2, and y(0) = 5.

(a) What’s k?

First, we see note that y and y′ are both functions in terms of t. In particular, since y
satisfies the differential equation listed, we know that for any y′ = ky(1 − y

10
) is true

for any t. In particular, this is true for t = 0. When t = 0, we have that y(0) = 5, and
y′(0) = 2. So, we can replace y′ with 2 and y with 5 in y′ = ky(1 − y

10
), in which case,

we get 2 = k(5)(1 − 5
10

), from which, we can solve for k and get k = 4
5
.

(b) What’s y(4)?

Given y′ = ky(1 − y
M

), we know the general solution is y = M
Ae−kt+1

(see slides, and
if you’re not convinced, the appendix). Here, we have M = 10. Since we know that
y(0) = 5, we see that 5 = 10

Ae−k·0+1
= 10

A+1
, in which case, we see that A = 1. So, we have

y = 10
e−kt+1

, where k = 4
5
, from part (a). So, plugging in t = 4, we get y(4) = 10

e−k(4)+1
,

and substituting k = 4/5, this is simply y(4) = 10

e−
16
5 +1

(be careful how you plug this

in!).
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Given dy
dt

= ky(1 − y
M

), we see that we can separate this into 1
y(1− y

M
)
dy = kdt. We can

then integrate these into
∫

1
y(1− y

M
)
dy =

∫
kdt = kt + C.

So, let us find
∫

1
y(1− y

M
)
dy. If only we can decompose 1

y(1− y
M

)
into A

y
+ B

1− y
M

... Oh but

we can! If we let 1
y(1− y

M
)

= A
y

+ B
1− y

M
, we can multiply by y(1 − y

M
) on both sides and get

1 = A(1 − y
M

) + By = A − Ay
M

+ By, Since the constant term on the left hand side is 1,
we see that the constant term on the right hand must be too. The constant term on the
right hand side is A (all other terms have y’s attached), in which case, A = 1. Likewise,
since there are no y terms on the right hand side (indeed, it’s just 1), we must have that
−Ay

M
+ By =

(
B − A

M

)
y = 0, so

(
B − A

M

)
= 0. Since A = 1, this means B − 1

M
= 0, so

B = 1
M

.

Now, we have that
∫
y(1− y

M
)dy =

∫
1
y
+ 1/M

1− y
M
dy =

∫
1
y
+ 1

M−ydy (the last inequality comes

from multiplying M on top and bottom on the thing on the right hand side). This is simply
ln(y) − ln(M − y), which by log rules, is ln( y

M−y ). So, we have that ln( y
M−y ) = kt + C, so

taking both sides to e, we have y
M−y = ekt+C = eCekt. Let A = eC , so we have y

M−y = Aekt.

Now, solving for y, we have y = M
1+Ae−kt , and we are done.
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